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This study explores teachers’ meanings for average rate of change in U.S.A. and Korea. We
believe that teachers convey their meanings to students and teachers who have productive
mathematical meanings help students build coherent meanings. We administered a diagnostic
instrument to 96 U.S. teachers and 66 Korean teachers. Some of teachers’ responses revealed
particular problematic meanings for average rate of change that should be addressed in
professional development. Our analyses suggest that Korean teachers’ meanings for average
rate of change are substantially stronger than U.S. teachers’ meanings.

Key words: Average rate of change, Mathematical meanings for teaching, Secondary teachers,
International comparisons

There has been substantial interest in comparing student and teacher performance in the
United States to other countries (Cai, 1995; Ma, 1999; Tatto, Ingvarson et al., 2008). Many
people are aware that U.S. students are outperformed on mathematics assessments by students in
many Asian countries. It is more surprising that according to PISA (Program for International
Student Assessment) and NAEP (National Assessment of Educational Progress) that white
students in our best performing state, Massachusetts, did not do as well as the average student in
Korea (Hanushek, Peterson, & Woessmann, 2010). Furthermore, the average Korean student
from any background outperformed students in Massachusetts who had at least one college
educated parent. It is not easy to explain Korean students’ superior performance by pointing to
substantial diversity in the United States

Studies have demonstrated that there is a positive relationship between teacher knowledge
and student performance (Baumert, Kunter et al., 2010; Hill, Ball et al., 2007). The TEDS-M
(Teacher Education and Development Study in Mathematics) study investigated differences in
teachers’ mathematical content knowledge in seventeen countries to give further information
about the relationship between teachers’ knowledge and student performance internationally
(Tatto, Peck et al., 2012). Although Korean teachers were not included in the TEDS-M study,
secondary teachers in the United States did have lower scores than secondary teachers in other
high performing Asian countries such as Singapore. TIMSS (Trend in International Mathematics
and Science Study) and PISA scores indicated that Korean students outperformed other countries
in international assessments. However, there are few studies that reveal Korean teachers’
knowledge (Kim, 2007).

Our research team developed the Mathematical Meanings for Teaching Secondary
Mathematics (MMTsm), a 44 item diagnostic instrument designed primarily to give professional
developers insight into mathematical meanings with which teachers operate. We have piloted the
MMTsm with 460 high school mathematics teachers in the United States. The MMTsm contains
items that assess teachers’ meanings for variation and covariation, function, proportionality, rate
of change, and structure sense (Byerley & Thompson, 2014; Thompson, 2015; Yoon, Hatfield, &
Thompson, 2014). In the summer of 2014 the first author translated the instrument into Korean
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and administered 42 items' to a convenience sample of 66 Korean teachers who taught 7" to 12
grades. The goal of the pilot in Korea was to understand how well the items revealed Korean
teachers’ meanings, to unearth any issues in the item translations, and to generate hypothesis
about similarities and differences between Korean and U.S. teachers. As such, we have three
research questions:

1) Do the translated versions of items make sense to Korean teachers in the way we
intended?

2) What are the Korean teachers’ mathematical meanings in the areas that the MMTsm
asseses?

3) What are similarities and differences in U.S. and Korean teachers’ meanings for average
rate of change?

Our study of 7™ to 12" grade teachers in Korea and the United States contributes to the
investigation of international differences in teacher knowledge in two ways:

1) The MMTsm provides insight into the productive and unproductive meanings teachers
operate with instead of categorizing responses as right or wrong.

2) Beyond a few studies with small sample sizes, little is published about secondary teachers’
meanings of average rate of change in either the U.S. or Korea.

Literature Review

The third author (Thompson, 1994b) conducted a teaching experiment on the Fundamental
Theorem of Calculus with 19 senior and graduate mathematics students, many of whom planned
to teach secondary mathematics. He attended to the concept of average rate of change explicitly
in his teaching experiment because of its centrality in understanding difference quotients and the
Fundamental Theorem of Calculus. Thompson (1994b) described a typical mature meaning for
average rate of change:

[By “average rate of change’’] we typically mean that if a quantity were to

grow in measure at a constant rate of change with respect to a uniformly

changing quantity, then we would end up with the same amount of change in the

dependent quantity as actually occurred. An average speed of 55 km/hr on a

trip means that if we were to repeat the trip traveling at a constant rate of 55

km/hr, then we would travel precisely the same amount of distance in precisely

the same amount of time as had been the case originally (p. 50).
Based on quizzes and transcribed recordings of class discussions and tutoring sessions he
concluded, the university mathematics students “apparently did not have operational schemes for
average rate of change” (p. 49).

Coe (2007) conducted an interview-based study of three secondary teachers’ meanings for
rate of change. Peggy, an experienced teacher with an undergraduate degree in mathematics, was
unable to provide a definition for average rate of change and became confused about how to
account for varying speeds in the middle of a trip. The study found, “not one of the [three]
teachers evidenced a fully coherent model of thinking that allowed them to work with the
average rate tasks” (Coe, 2007, p. 237). If one thinks of speed as a multiplicative comparison of
the changes in distance and time, it is possible to imagine an average speed as the constant speed
that one must travel to go the same distance in the same amount of time. However, Peggy was

' We removed two items that did not work because of differences in language.
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inclined to think that speed is an index of “fastness”, so all of the changes in speed throughout
the trip might seem important to take into consideration.

Additional U.S. studies of calculus students and secondary teachers are related to teachers’
understandings of rate of change (Bowers & Doerr, 2001; Stump, 1999; Weber & Dorko, 2014).
These studies suggest that teachers’ meanings for rate of change might be inadequate for making
sense of average rate of change. For example, Bowers and Doerr (2001) investigated 26
secondary teachers’ thinking about the “mathematics of change” in two university technology
based mathematics classes. They designed the first two instructional sequences to help the
participants understand the Fundamental Theorem of Calculus by exploring relationships
between linked velocity and position graphs (Bowers & Doerr, 2001, p. 120). Given a non-
constant velocity versus time graph, more than seven teachers found the total distance traveled
by simply multiplying time elapsed by the velocity at the end of the time interval using the
formula d=rt. The formula d=rt only works in situations with constant rates of change because
the formula reflects a proportional relationship between distance traveled and time elapsed.
Technically, this formula should be written “Ad=rAt”, because “d=rt" is only true if distance and
time are both measured from zero. This misapplication of d=rt suggests that teachers do not have
an image of constant speed as a proportional relationship between changes in distance traveled
and changes in elapsed time—an understanding of constant speed that is productive in
developing a mature meaning of average rate of change.

Weber & Dorko (2014) investigated calculus students’ and professors’ descriptions of rate of
change in various calculus situations. The meanings students displayed did not depend on
making multiplicative comparisons of the change in one quantity to the associated change in
another. For example, students conveyed meanings such as “rate as the process of differentiating
a function, defined algebraically, using rules (e.g. product rule)”, “rate as the slant or steepness
of a graph” and “rate as something a function (or object) possesses (e.g. weight)” (p. 23). These
meanings for rate do not involve relative size of changes and do not support a mature meaning of
average rate of change. It is by thinking about the proportional relationship between changes in
distance and changes in time that one sees why an understanding of “average rate of change” as
arithmetic mean does not work. The mathematics professors in Weber & Dorko’s study were
much more likely to describe rate as “measuring the simultaneous variation of variable, or how
fast variables change with respect to each other” (p. 23).

The first author did not find any studies about Korean teachers’ meanings for rate of change
or average rate of change after searching in Korean and English. However, Cho (2010) found
that 36 Korean high school mathematics teachers showed high Mathematical Knowledge for
Teaching (MKT) for Differentiation. The Korean teachers demonstrated particularly high subject
matter knowledge on Cho’s instrument that included a task on average rate of change. TEDS-M

did not release any information on secondary teachers’ understandings of rate of change (Tatto &
Senk, 2011).

Theoretical Perspective
Coherent mathematical meanings serve as a foundation for future learning, so it is important
that students build useful and robust meanings. One way students develop meanings is by trying
to make sense of what their teacher say and do in the classroom. Before discussing how
meanings are conveyed in the classroom, we will explain what we mean by meanings. According
to Piaget, to understand is to assimilate to a scheme (Skemp, 1962, 1971; Thompson, 2013;
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Thompson & Saldanha, 2003). Thus, the phrase “a person attached a meaning to a word, symbol,
expression, or statement” means that the person assimilated the word, symbol, expression, or
statement to a scheme. A scheme is an organization of ways of thinking, images, and schemes.
When we say assimilate we mean the ways in which an individual interprets and make sense of a
text, utterance, or self-generated thought. According to Piaget, repeated assimilation is the source
of schemes, and new schemes emerge through repeated assimilations, which early on require
functional accommodations and eventually entail metamorphic accommodations (Steffe, 1991).

We focus on teachers’ mathematical meanings because of their centrality in students’
construction of meaning. In classrooms, students might construct their meanings from their
peers, from prior schemes, from resources the teacher selects for them or resources they find on
their own. However, we suspect that a main source of students’ mathematical meanings lies in
what teachers say and do. Students try to assimilate what the teacher says and does using their
understandings of what is being taught. In doing so, the students will adjust what they say and do
according to their understanding of what their teacher intends. In this sense, conversations in the
classroom between a teacher and students entail mutual attempts by the teacher and students to
understand each other. We suspect that teachers exert less effort in this regard than do students,
and hence teachers have a greater impact on students’ meanings than do students have on the
teacher’s meanings.

Our theory of meaning, and of ways meanings are conveyed through mutual interpretation,
allows us to bridge theoretically what teachers know, what they teach, and what their students
learn. While we cannot access the teachers’ mathematical meanings directly, we can delimit
categories of responses according to particular mathematical meanings that we discern from
them. We categorize teachers’ response based on meanings we believe might underlie the
response based on the best available evidence of interviews and prior qualitative work. We
assumed that, for the most part, meanings that teachers used to construct their responses to an
item are meanings that would guide their decisions in the classroom.

We believe that meanings students construct are related to but not identical to a teachers’
meanings. In other words, there might be some gap between what teachers have in mind and
what students understand. For example, a teacher might define average speed for her students by
writing down a formula, but understand that the formula is related to finding a constant speed a
hypothetical object would need to travel to go the same distance in the same amount of time.
However, her students might understand that average rate of change is a formula to be applied in
situations with the key words “average rate of change”, failing to develop a quantitatively rich
meaning for average rate of change that helps them use it in a variety of contexts. Knowing a
normatively correct mathematical formula for average rate of change is not the same as having a
productive meaning for the formula. We found many teachers who were able to write a
normatively correct formula to compute average rate of change on one item (not discussed in this
paper), but who were unable to use it productively to answer the two items discussed later in this
paper. Our focus on teachers’ meanings as a root for their actions allows us to think of meanings
we think students might construct based on meanings we attribute to teachers. For example, if
the teacher conveys the meaning that average rate of change is a formula, we believe the students
might only construct a meaning for average rate of change as a formula that should be used in
particular situations.
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Methodology
Thompson (2015, p. 979) explained the process of creating items and rubrics for the MMTsm.
We summarize the steps of a three year process below:
1) Draft items, interview teachers, and give item to mathematicians and math educators
for review.
2) Revise items, interview teachers again.
3) Administer items to large sample of teachers and analyze responses in terms of the
meanings they revealed.
4) Retire unusable items.
5) Interview teachers to understand why they gave the response that they did.
6) Revise items, potentially using teacher responses to make items multiple choice.
7) Administer revised items to large sample
8) Develop scoring rubrics.

After a first round of data collection in 2012, we categorized the responses from 144 teachers
using a modified grounded theory approach (Corbin & Strauss, 2007). The modification was that
we began our data analysis with strong theories of understanding magnitudes and rates of
change, and of the nature of mathematical meanings and of characteristics that make them
productive in instruction. After the 2013 pilot with revised items we developed a scoring rubric
for each item by grouping grounded codes into levels based on the quality of the mathematical
meanings expressed. The 96 U.S. high school teachers’ responses reported in this paper are from
the 2013 pilot. During team discussions of rubrics and responses, we continually asked ourselves
“how productive would meanings we can discern from the teacher’s response be for a student
were the teacher to convey it?”

The first author translated each item into Korean. A Korean mathematics Ph.D. student, who
taught high school mathematics in Korea for 7 years and wrote items for the Korean version of
the practice SAT, translated the items back into English. The Ph.D. student had never seen the
English versions. The first author and the third author reviewed the back translations and the first
author made adjustments to the Korean versions (Behling & Law, 2000; Harkness, Van de Vijver
et al., 2003).

The first author recruited Korean teachers from three groups: 13 peers of the first author from
her undergraduate school, 32 teachers who were taking a qualification program” in eastern South
Korea, and 21 teachers who were taking a graduate mathematics education class. The 96 U.S.
high school teachers signed up voluntarily to participate in summer professional development
projects taking place in two different states. They took the MMTsm as part of their professional
development. U.S. and Korean teachers had similar years of teaching experience. The Korean
teachers taught for an average of 4.5 years. This time included time teaching both middle school
and high school mathematics. The 96 teachers in the U.S. sample analyzed in this paper taught at
least one high school math class (algebra and above). We asked high school teachers how many
times they had taught each subject and recorded the total number of high school classes taught.
On average the U.S. teachers had taught 17.3 classes, which corresponds to approximately 4-5

* In Korea, all teachers who have taught more than three years must take a qualification training
program to earn “1% class” teacher certificates.
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years teaching. We also recorded the undergraduate major of teachers in the U.S. and Korea (See
Table 1 and Table 2).

Table 1. U.S. teachers' undergraduate majors.
Math MathEd STE Other Total

Bachelor’s 10 14 6 8 38
Master’s 17 22 5 14 58
Total 27 36 11 22 96

Table 2. Korean teachers' undergraduate majors.
Math MathEd Stat Other Total

Bachelor’s 8 45 1 1 55
Master’s 1 10 0 0 11
Total 9 55 1 1 66

Two Average Rate of Change Tasks

Korean teachers saw 7 items on rate of change in MMTsm in the Summer of 2014. This
report highlights the responses to two of these items. The item in Figure 1 is about a function’s
average rate of change over an interval. One can answer this item’s question by joining two
meanings: (1) an average rate of change is a constant rate of change, and therefore that it tells
how many times as large a change in y is as an associated change in x, and (2) that a difference
between two values of a function is the amount the function changed between those two values.

Consider a non-linear function defined on the interval 7.3 to 7.6. The function’s average rate of
change over that interval is 4. What is the difference between the value of the function at x = 7.6
and the value of the function at x = 7.3?

Select the best answer.

a. 0.3 x4
b. 4

c. 03/4
d. 4/03
e. 7.6 =173
f

. Not enough information.

Figure 1. The item named "difference from rate." © 2014 Arizona Board of Regents. Used with
permission.

We constructed the multiple choice options from teachers’ answers to an earlier open-ended
version and from teacher interviews. If the teacher thinks of average rate of change as “how
many times as large a change in y is as a change in x over an interval”, we believe that they will
select choice (a). During an interview one teacher explained that the answer is 4 because the
interval of 0.3 as identical to an interval of 1. We suspect that teachers who picked a response
with a quotient (choices (c¢) and (d)) thought that rate of change should involve a formula that has
a quotient. In this sense, we hypothesized that if a teacher had a calculational approach such as
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“average rate of change is dividing change in y by change in x” he would select (c) or (d). We
included choice (e) to attract teachers who focused on the word “difference”, so we think (e)
reflects considering only change in x values. Additionally, we anticipated that the teacher who
believes the function must be linear to determine the answer would select (f).

We used the item “San Diego to El Centro” (Hackworth, 1994) to reveal teachers’ meanings
for the idea of average rate of change (see Figure 2).

A car went from San Diego to El Centro, a distance of 90 miles, at 40 miles per hour. At what
speed would it need to return to San Diego if it were to have an average speed of 60 miles per
hour over the round trip?

Figure 2. Part A of the item called "San Diego to El Centro". © 2014 Arizona Board of Regents.
Used with permission.

The item “San Diego to El Centro” is composed of two parts. Part A (shown in Figure 2) and
Part B (whether the teacher’s answer was consistent with the fact that it would take 3 hours at a
constant speed to go 180 miles). We put Part B on a separate page to guard against teachers
looking ahead to Part B before answering Part A.

We found this item to be particularly useful for revealing the meaning that an average rate of
change is an arithmetic mean of rates. Teachers with this meaning typically solve the equation

402” =60, ending with an answer of 80 miles per hour. However, the desired meaning of average

speed is the constant speed that the car would need to travel to go the same distance in the same
amount of time as the actual trip. If the car were to travel 180 miles at a constant speed of 60
mi/hr, it would travel for 180/60 hours (3 hours). The car spent 2.25 hours traveling from San
Diego to El Centro. It therefore has 0.75 hours remaining to travel the rest of the trip. So it must
have an average speed of 120 mi/hr in the second leg of the trip to have an overall average speed
of 60 mi/hr.

Part B. A round trip of 180 miles at an average speed of 60 mi/hr will take 3 hours. Is this fact
consistent with your answer on the prior page? Explain.

If you would like to rework the problem, do so on this page. Please do not cross out your prior
work.

Figure 3. Part B of the item called "San Diego to El Centro". © 2014 Arizona Board of Regents.
Used with permission.

We added Part B so as to see whether teachers can understand the inconsistency of an answer
found from thinking of average speed as the arithmetic mean of two speeds. We added “please
do not cross out your prior work™ because, in earlier trials, some teachers crossed out their work
on Part A after reading Part B. We focus later on whether Part B perturbed teachers’ meanings
for Part A.

Responses to “San Diego to El Centro” Part A were scored with a rubric. Responses to “San

Diego to El Centro” Part B were scored in terms of whether the teacher thought the answer on
Part A is consistent with the fact stated in Part B. The first author scored the Korean responses
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with the English rubric. The item “San Diego to El Centro” Part A was scored with the following

rubric:
Level Level description Sample response
Level 3 The response determined the return speed _ fanes
Response: | is 120mph by finding how much time ///Op,m\/”’”‘Q -
remains for the second leg of the trip and HO e
computing the return speed accordingly. b _ 2.
We ignore small computational errors if the aoeYe o wies | N
response demonstrated a Level 3 type of 150 e
reasoning.
O miv2
%(‘ @
4
Level 2 The response first wrote 80 mph, and then g ‘
Response: | ultimately found a return speed of 120 | Ze ” w %‘Zg_x; i
mph. (Note: We believe teachers whose o ‘/ hr %
first instinct is incorrect are less likely to (o, 07 R my . ada
have strong meanings for average rate of (8, 295 ,90) _ S 3 -
change than a teacher who immediately ( 3,18) R
uses a productive meaning for average rate 40 %
of change.) e
Level 1 Any of the following: ) : A
Response: | * The response found an arithmetic mean SDEC = %0om. ot Homp
of two speeds (e.g. (40 + S)/2 = 60) 4o+ s = 0
® The response found 80 mph without - 2
explicitly showing that they were using an
arithmetic mean of two speeds. Hoto = ,/QQ .
5= §0mph
Level 0 Any of the following:
Response: | * 1don’t know, scorer can’t interpret, @
. . . LID = 10
work doesn’t address question. % \

* The response does not fit level 1 to 3

T Jont Vi Mo o o ths ocueet \b}
T Hiak would tﬂ& egweul\u({,

avowtd  B0-100 »Mfl\'

We categorized responses that changed from an arithmetic mean of two speeds to a

productive meaning for average speed at Level 2. As mentioned in the theoretical perspective,

we focus on meanings that teachers might convey in classrooms. We imagine that students might
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construct mixed meanings for average rate of change (arithmetic mean and desired meaning)
from the Level 2 teachers. In this sense, we think Level 2 responses are less productive than
Level 3 responses.

We did not attend to computational errors when placing responses at Level 3. We only
focused on whether the meanings we could discern from a teacher’s response fit the item’s
purpose. In this sense, we ignored minor computational errors.

Results
Teachers’ responses to the item “difference from rate” are shown in Table 3.

Table 3. Responses to "difference from rate.”

Response U.S. U.S.w/Math U.S.w/Math  Korea
(any degree) Degree Ed. Degree

0.3 %4 47 14 18 61
4 9 1 6 1
0.3/4 12 2 6 0
4/0.3 11 3 3 1
7.6-7.3 6 2 2 0
Not enough information 19 3 1 3

I don’t know 1 1 0 0
No answer | 1 0 0
Total 96 27 36 66

About 49% of high school teachers from the United States gave the highest-level response,
0.3 times 4, to “difference from rate”. About half of the teachers (51%) whose degree is
mathematics or mathematics education from the United States gave the highest-level response.
On the other hand, 61 out of 66 grade 7 to 12 teachers from Korea gave the highest-level
response to this item. Since almost all Korean teachers had math or math education degree we
did not distinguish the responses of Korean teachers by major.

The responses to “San Diego to El Centro” Part A show disparity between performance
between U.S. and Korean teachers.

Table 4. Responses to "San Diego to El Centro" Part A

Response U.S. U.S. w/ Math U.S. w/ Math Ed. Korea
(any degree)  Degree Degree

Level 3 42 12 15 64
Level 2 8 3 4 0
Level 1 (80) 31 7 13 2
Level 0 14 4 4 0

No answer 1 1 0 0
Total 96 27 36 66

Approximately one third of teachers (31/96) in the United States revealed a meaning for
average rate of change as an arithmetic mean of rates. Having a mathematics or mathematics
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education degree did not appear to be correlated to stronger meanings for average rate of change
because 26% (7/27) of teachers with mathematics degree and 36% (13/36) of teachers with
mathematics education degree showed a meaning for average rate of change as an arithmetic
mean of rates. Only 2 out of 66 teachers in Korea had a meaning for average rate of change as an
arithmetic mean of rates.

The responses to “San Diego to El Centro” Part B in U.S. show that most of the teachers in
the United States that revealed a meaning for an arithmetic mean as average rate of change
realized that it is not consistent with the fact given in Part B (Table 5).

Table 5. United States Teachers Responses to "San Diego to El Centro" Part B

Response Consistent  Not Scorer Cannot  No answer Total
U.S. Teachers Consistent Tell

Level 3 41 0 0 1 42
Level 2 6 2 0 0 8
Level 1 (80) 5 22 4 0 31
Level 0 7 4 1 2 14
No answer 0 0 0 1 1
Total 59 28 5 4 96

Results from “San Diego to El Centro” Part B show that Part B perturbed teachers because
about 71% of teachers who revealed a meaning for average rate of change as an arithmetic mean
of rates wrote that their answer is not consistent with the fact that the trip will take 3 hours on
Part B. However, five teachers who revealed a meaning for average rate of change as an
arithmetic mean of rates stuck to the their original response of arithmetic mean of rates arguing
that it is consistent with the given fact on Part B (Table 6).

Table 6. Two sample responses in Level 1 and Consistent category

Mr. SD C\ G T fob G5 wsden
Adams e . it \<
AO e ‘ wd = Car s _ A )
ok @ |w o0 i @O ol A= = LS Lo ats
ol = Gt
%O M\\’\{ @\"k \- g\f\w _— /L/Z’pf
Uo + ¥ - v (£
gl Aoy
- \
Yo x> 1" Nes
Y= O %O M\‘Lo ) l/\/ -

PP
\ s

e
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Ms. | Sabuge —> Elcatro | W™+ avarage bebwans
Augusta Gormilic @ 4o milie BOnuLes /iy, Mofu/fs
o’

180 My @ blfmiday] IS

KO W@ GOWA ‘

Both Mr. Adams and Ms. Augusta revealed an arithmetic mean of rates meaning for average
rate of change. However, their responses to Part B show that Mr. Adams and Ms. Augusta’s
meanings for average rate of change are not identical. Mr. Adams applied the arithmetic mean of
rates to the fact that the total trip will take 3 hours. He thought that the first leg of trip and the
second leg of trip both took 1.5 hours. On the other hand, Ms. Augusta’s response suggests that
she did not check the fact that the total trip will take 3 hours. Rather, her response confirmed that
“average” in average rate of change is no more than an arithmetic mean.

The responses to “San Diego to El Centro” Part B in Korea are in Table 7.

Table 7. Korean Teachers Responses to "San Diego to El Centro"” Part B.

Response Consistent  Not Undecided No answer Total
Consistent

Level 3 56 5 3 0 64
Level 2 0 0 0 0 0
Level 1 (80) 1 0 1 0 2
Level 0 0 0 0 0 0

No answer 0 0 0 0 0
Total 57 5 4 0 66

The reason why five Korean teachers in Level 3 wrote “not consistent” is that they made a
computational error in Part A. Because we do not consider computational errors as part of our
categorization system, the responses that show a Level 3 type of reasoning were categorized at
Level 3. Three teachers in Level 3 wrote “I don’t know”, but we do not know why they wrote “I
don’t know”. One possibility is that they did not carefully read Part B. One teacher in Level 1
stuck to an arithmetic mean as average rate of change in Part B, and the other in Level 1 wrote “I
don’t know”.

Conclusion
The results show that, in our convenience samples, Korean teachers’ meanings for average
rate of change are substantially stronger than U.S. teachers’ meanings. Almost all Korean
teachers knew that average rate of change tells us that a change in y is a number of times as
large as a change in x over an interval and did not confound “average” with “arithmetic mean”.
We believe that the meanings teachers hold, such as average rate of change as an arithmetic
mean, are the meanings they will operate with during instruction. It is likely that students will

18th Annual Conference on Research in Undergraduate Mathematics Education 345



develop meanings for average rate of change that are similar to their teachers’ meanings. Thus, if
a teacher has incoherent meanings the probability is high that his students will develop
incoherent meanings. Because average rate of change is a Common Core Mathematics Standard
it is critical that teachers’ have opportunities to learn this standard.

We could not investigate why teachers’ in Korea have stronger meanings for average rate of
change. However, some studies suggest a plausible possibility if we consider that Chinese, Hong
Kong, and Korean students have similar performance on international tests. Ma (1999) identified
that Chinese elementary teachers showed more profound understanding than U.S. elementary
teachers even though U.S. teachers have longer formal schooling and higher degree. Leung
(2006) also suggested that Hong Kong and Korean elementary teachers already acquired
mathematics competence when they were students in school. Thus, we suspect that the disparity
in U.S. and Korean teachers’ meanings is because Korean teachers developed stronger meanings
while students than did U.S. teachers while students. Put another way, teachers in Korea were
students in Korea, and teachers in the U.S. were students in the U.S. It is possible that Korean
teachers developed meanings as students that U.S. teachers did not develop. We agree with
Stigler and Hiebert (1999) that teaching is a cultural activity and that teachers’ experiences as
students are highly influential in their later career as teachers.

Our results suggest that if school students are to develop strong meanings for average rate of
change, pre-service teacher preparation programs in the U.S must ensure that their graduates
develop strong meanings for average rate of change. We emphasize that a strong meaning for
average rate of change involves other major ideas in the school curriculum. A strong meaning for
average rate of change entails strong meanings for constant rate of change, which itself entails
concepts of variation, covariation, and proportionality (Thompson & Thompson, 1996;
Thompson, 1994a, 1994b; Thompson & Thompson, 1992, 1994).

One obvious limitation of our study is that the sample is not random and thus generalization
of the results to the larger populations in either U.S. or Korea is not possible. However, the
convenience samples did provide evidence that the Korean teachers understood the translated
items in the way we intended and that the rubrics written based on grounded coding of U.S.
teachers’ responses were sufficient to categorize the range of Korean teacher’s responses. The
two items reported here required understandings of mathematics useful for teaching, but are not
specifically related to student thinking. We anticipate that our analyses of rate of change items
that asked Korean and U.S. teachers to respond to a teaching situation will allow us to speculate
about teachers’ attention to student thinking regarding average rate of change.
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