U.P.B. Sci. Bull., Series A, Vol. 78, Iss. 4, 2016 ISSN 1223-7027

STATISTICALLY CONVERGENT MULTIPLE SEQUENCES IN
PROBABILISTIC NORMED SPACES

Binod Chandra Tripathy!, Rupanjali Goswami?

In this paper we define concepts of statistically convergent and statistically
Cauchy multiple sequences in probabilistic normed spaces. We prove a useful character-
ization for statistically convergent multiple sequences. We will introduce the statistical
limit points, statistical cluster points in probabilistic normed spaces. Moreover we will
give the relation between them and limit points of multiple sequences in probabilistic
normed spaces.
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1. Introduction

The notion of sequence spaces was extended to double sequences in the beginning
of nineteenth century by Pringsheim [14]. Initial works on double sequence is found in
Browmich [2]. Hardy [6] introduced the notion of regular convergence for double sequences.
Moricz[12] studied some properties of double sequences of real and complex numbers. Re-
cently different types of double sequences have been introduced and investigated from differ-
ent aspects by Basarir, and Sonalcan [1], Moricz and Rhoades [13], Tripathy [19], Tripathy
and Sarma [25, 27] and many others.

In the recent past sequence spaces have been investigated from different aspects. From
fuzzy set theory point of view by Tripathy and Baruah [20, 21], Tripathy and Borgohain
[22, 23], Tripathy and Dutta [24], Tripathy and Sarma [26], Tripathy, Sen and Nath [28] and
many others.

Metric spaces are sets in which there is defined a notion of distance between pair
of points. The concept of an abstract metric space was formulated in 1906 by Frechet
[5], which furnishes a common idealization of a large number of mathematical, physical
and other scientific constructs in which the notion of distance appears. The object under
consideration may be points, functions, sets, and the subjective experiences of sensations.
There is the possibility of associating a non-negative real number with each ordered pair
of elements of a certain set and numbers associated with each pair of elements satisfying
certain conditions. But in reality, the instances in which the theory of metric spaces has
been applied is an over idealization. Therefore in such situations it is appropriate to look
upon the distance concept as a statistical rather than a deterministic one. More precisely,
instead of associating a number calledthe distance d(p, ¢)-with every pair of elementp, g, one
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should associate a distribution function F,, and for any positive number z, interpret F,,(z)
as the probability that the distance from p to ¢ be less than x. This generalizes the concept
of a metric space. This generalization which was introduced by Menger [9] and named as
statistical metric space.

Menger [9] gave postulates for the distribution functions Fj,. These include a gener-
alized triangle inequality. In addition, he constructed a theory of betweeness and indicated
possible fields of application. In 1943, after Wald [29] improved Mengers notion and intro-
duced the notion of generalized triangle inequality and proposed an alternative definition.
On the basis of this new inequality, Wald [29] constructed a theory of betweeness having
certain advantages over Mengers theory. Later on Menger [10], considered Walds version
of triangle inequality for his investigations in Probalistic normed space. For some detailed
account one may refer to Constantin and Istratescu [3], Menger [11] and Sklar [17, 18].
Statistical convergence of single and double sequences in probabilistic normed spaces has
been introduced and studied by Karakus [7, 8]. In this paper we extend this notion to
multiple sequences.

2. Statistical Convergence of Multiple Sequences in Probabilistic Normed
Spaces

Definition 1. A function f : RT — Rar is called a distribution function if it is a non-

decreasing, left continuous on its domain with infycgr f(t) = 0 and sup,cp f(t) = 1.

Throughout D denotes the set of all distribution functions.

Definition 2. A triangular norm or a t-norm is a binary operation on [0,1] which is

continuous, commutative, associative, non-decreasing and has 1 as neutral element, i.e., it

is the continuous mapping x* : [0, 1] x [0, 1] — [0, 1] such that for all a,b,c € [0, 1]

Dax1=a,

2)axb="bxa,

3)cxd>axbif ¢ > aand dxD,

D(axb)xc=ax* (bxc).

Example 1. Consider the % operation axb = maxa + b — 1,0. Then * is a t-norm. Similarly

one can consider a *b = ab, a*b = min{a, b} on [0, 1] and verify that these are also t-norms.
Definition 3. A triplet (X, N, x) is called a probabilistic normed space (in short

PN-space), if X is a real vector space, N : X — D (for € X, the distribution function

N(z) is denoted by N, and N,(¢) is the value of N, at ¢ € R) and %, a t-norm satisfying

the following conditions:

(i) N, (0) = 0,

(#4) Ny(t) = 1, for all t > 0 if and only if x = 0,

(#91) Noo (t) = N, (ﬁ) , for all & € R — {0},

(iv) Npyy(s+1t) > Ny(s) * Ny(t), for all z,y € X and s,t € RT.

Example 2. Let (X,].||) be a normed linear space and p € D with x(0) = 0 and pu # h

where

h(t) = 0, for all ¢ < 0; . Define N, (t) = {

1, forallt>0

Then (X, N, x) is a PN space.

h(t), if =0
NG where £ € X and t € R.
M(W)lfx#o

0, <0

x>0

We define a function g on R by u(x) = {
T+a®

Then we obtain the following PN

h(t), =0
Nér(t) = t
{tmu’ z#0
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Definition 4. A multiple sequence & = (Zy,n,....n, ) is said to be convergent to L € X with
respect to N if for every e > 0 and 8 € (0, 1), there exists a positive integer mg such that

Naringmy—1(€) > 1 = 3, whenever n; > mo, for all i =1,2,3,....k.

It is denoted by N —limxy,,ny....n, = L-
Definition 5. A multiple sequence & = (Zn n,....n, ), 1S said to be a Cauchy sequence with
respect to N if for every € > 0 and 8 € (0, 1), there exists a positive integer mg such that

ryngemg o 1., (€) >1— B, whenever n; > mo, l; > mg for all i =1,2,3,..., k.
R

The notion of statistical convergence was studied by Fast[4] and Schoenberg [16] indepen-
dently in 1950s. Later on it was studied by Salat [15]. The notion of statistically convergent
double sequences was introduced by Tripathy [7]. In this article we introduce the notion of
asymptotic density for subsets of N*.

Definition 6. A subset E C N is said to have asymptotic density o3 (E) if

ni ng MK
lim m Z Z ...... Z XE(il,iQ,....,ik) exists.
n1,n2;.... Mk 11=112=1 =1

For example if we consider the set
K = {(n1,n2,....n;) € N¥ :ny ny, ....np =42, i € N} then,
§h(K)= lim RVATRVAIPESVAIT Y

N1,M2,. N ninz... Nk
Note: For i = 1, it is the usual asymptotic density of subsets of N. For ¢ = 2, it is the
double asymptotic density of subsets of N x N. For ¢ = 3, it is the triple asymptotic density.
Definition 7. A subset K C N* is said to have upper asymptotic density & (K) if
Nk ng Nk

(K)= lim sup—=>1— S .. > xgk(i1,io,...,01) exists,

nina,...n e R e
where Y is the characteristic function of K.
Definition 8. A multiple sequence & = (Zp,n,....n,, ) is said to be statistically convergent to
L if for a given € > 0,

6k’ ({(n17n27"'7nk) € Nk : |x"1712----"k - L| Z 6}) = O
and we write st — limxy,,n,...n, = L.

Definition 9. A multiple sequence © = (Zp,n,...n,) 18 said to be statistically null if for a
given € > 0,

5]6 ({(n17n27'~'ank) € Nk : ‘xnlng....nk| 2 5}) =0.

Definition 10. A multiple sequence = (Zyn,....n, ) is said to be statistically bounded if
there exists a positive integer M such that,

Ok ({(nl,ng,...,nk) ENF Ty | > M}) =0.

Definition 11. A multiple sequence = (Zn,n,...n,) is said to be statistically convergent
to L € X with respect to N if for every e > 0 and 8 € (0,1),

5k ({(n17n27 "'7nk) € Nk : N’I)nan____nk—L(s) S 1 - ﬂ}) = 0
We write it as sty —limxp,pn,...n, = L.

Definition 12. A multiple sequence = (Zpyn,....n,, ) is statistically Cauchy with respect
to N if for every e > 0 and S € (0, 1) there is a positive integer mg such that

iy ({(m,nz, o) ENFENG gy (€) S 1= 5}) —0

Definition 13. Let (X, N,x) be a probabilistic normed space. For x € X, t > 0 and
0 <7 < 1, the ball centred at x with radius r is defined by

B(z,r,t) = {y €EX:Ny_,(t)>1 —r}.
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Definition 14. A subset Y of (X, N, ) is said to be bounded if for every r € (0,1) there
exists tg > 0 such that

N,(tg) >1—rforallz €Y.

Definition 15. In a PN-space (X, N,x*), L € X is called a limit point of the multiple
sequence & = (Tp,n,....n,) With respect to N if there is a subsequence of x that converges to
L with respect to N. Let us denote the set of all limit points of the sequence x by Qn(z).
If (0, (j1),m2(a),...one (i) 18 @ subsequence of & = (Zpn,n,....n, ) and

K = {(m(j1),n2(j2), ok (iv) ) € N* 5 j1, o, € N, then
{’rnl(jl),nz(]é)pu,nk,(jk)} is abbreviated by {CL‘}K If 05(K) = 0 then {m}K is called a sub

sequence of density zero or thin sub sequence. Also if 0;(K) # 0 then {x}K is called a

non-thin subsequence of x.

Definition 16. In a PN-space (X, N,x*), £ € X is called a statistical limit point of the
multiple sequence & = (Zpyn,....n,) With respect to N if there is a non-thin subsequence of
x that converges to £ € X with respect to N. £ is called an sty — limit point of sequence
T = (Tnyns...n,,)- Let the set of all sty —limit points of the sequence x be denoted by Ay (z).

Definition 17. In a PN-space (X, N, x), v € X is called a statistical cluster point of the
sequence & = (Tnyn,....n,) With respect to N if for e > 0 and 8 € (0,1),

5k<{(n1,n2,...,nk) € NF . Napingoom =€) > 1= ﬁ}) > 0.

v is called an sty — cluster point of the sequence & = (Zn,n,...n,). Let the set of all
sty — cluster points of the sequence x be denoted by I'y(z).

Definition 18. A probabilistic normed space (X, N,x) is said to be complete if every
Cauchy sequence is convergent in X with respect to the probabilistic norm N.

Theorem 1. In a PN-space (X, N, *), for every € > 0 and 8 € (0,1), the following state-
ments are equivalent.
(1) sty —limzp,pn,.. n, = L.

i) 5k({ (N1, ngy i) ENEIN, 0 i(e) <1 ﬂ}) —0.
6

(
(i) ({ (N1, gy eeemy) ENF NG p(e) > 1— 5}) =1
(iv) st —lm Ny, .. —1(e) =1

Proof. (i) = (i)
Suppose sty — limzp,pn, . .n, = L. Then by definition, for every ¢ > 0 and 8 € (0,1), we
have

6k({ (n1,m2, ....,ng) € NF: Nw”1"2~-~-”k_L(€) <1- B}) =0.
(i3) = (idi)

Let € > 0 and 5 € (0,1), then we have

0 ({ (nimz, o) ENF NG, L u(e) > 1 B))).

=1- 5k<{ (n1,mn2,....,ni) € NF: Naingooon—£(6) <1 — [3})
=1 by ().
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(iii) = (iv)
Let e > 0 and 8 € (0,1), then

{mgem) €NV LN, 0(0) = 1] 2 B)

= { (n1,n2,....,nk) € NF . Nmnlwmnk,L(s) <1- 6}
U{ (n1,m2, ..., ny) € N¥ Neringoomy—r£(6) 2 1+ ﬂ}
Therefore we have from the finite additivity property of density,
5k({ (n1,n9, k) ENF LN, p(e) = 1] > 6})
= 6k({ (n1,n2, ....,n;) € NF: Naingoomp—r£(8) <1 = ﬁ})
+(5k({ (n1,n2,....,n1) € NF Novigomy—1(8) 2 1+ B})
Since, 5k({ (n1,m2, ....,nk) € NF: T (o) S ﬂ}) =0
and
o ({ (1o, o) ENF NG, L) 2 14 8)) =0,
Hence

5k({ (N1 nay ) €NFLIN, (o) — 1] > 5}) —0.
Hence st —lim N, ... . —1(e) = 1.

(iv) = (i)

By hypothesis for a given € > 0 and 8 € (0, 1), we have
o ({ (n,mz, o) ENFLING, L () =112 8)) =0,

ie., 5k<{ (n1,n2,....,n;) € NF Neingooon—£(6) <1 — ﬁ})
0 ({ smay i) €NF NG, L1 (6) 214 8)) =0,

= 5k({ (n1,n2,oni) ENFENG, o p(e) <1— 5}) -0,
as

5k({ (n1,n9,....,nx) € N* Nznlnz....nk_L(e) >14+ 6}) =0.
O

Theorem 2. In a PN-space (X, N, ), if a sequence & = (Zp,n,...n, ) is statistically conver-
gent with respect to the probabilistic norm N, then sty — limit is unique.

Proof. We assume that sty —limx,,n,...n, = M1 and sty —limx, n,.. 0, = Ms

where & = (Zp,n,y...n,,) 18 a multiple sequence.

For a given A > 0 we take § € (0,1) such that (1 —8)* (1 —8) >1—A.
Then for given € > 0, we define the following sets:

Kn1(B,¢e) = {(nl,nz,-m,nk) ENFING, o (€) S 1 - 5},

KN,Q(B,E) = {(nl,ng,...,nk) S NF . Nznan.,.,nk7M2 (E) <1- 5}
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Let KN(67E) = KNyl(ﬂ,E) n KN’Q(/B, 8).
Then 6 ({Kx(3,¢)}) = 0 which implies that 5, ({Nk/KN(B,s)}) ~ 1.

I (n1, ng, ooy k) € {Nk/KN(ﬂ,s)}, then

£

NMl*Mz (8) > anl'n.Q....nk*Ml(i) * anl,nz

: (5) > (1= B)x (1= B)

>1—A

Since A > 0 is arbitrary, Nas, —ar, (¢) = 1 for alle > 0. Thus My = My. Therefore sty —limit

of multiple sequence is unique.
O

Theorem 3. In a PN-space (X, N, %), if N —lim 2y, n,.. .0, = M, then st —limz,,pn,. . n, =
M, but the converse is not true.

Proof. By hypothesis * = (Znin,...n, ), converges to M with respect to N. Therefore for
every B € (0,1) and € > 0 there is a positive integer mg such that
Noingomy—m(€) > 1= B for all n; >mo, i =1,2,3,.... k.

Thus the set {(nl,m, wung) €NF LN

Tning...n

—m(E) <1— ,6} has finitely many terms.
Since every finite subset of N* has density zero, we observe that
51@({(”17"27 o) ENFENG (e 1 5}) = 0.

The following example shows that the converse of Theorem 3 is not true.

Example 3. Let (R, |.|) denote the space of real numbers with usual norm. Let a * b = ab
and N, (t) = ﬁhﬂl where © € X and ¢t > 0. Then (R, N,*) is a PN-space. We define a
sequence & = (Zp,n,...n, ) Whose terms are given by

1, if n1, na, ..., Ny are squares;
Tning..np — .
e 0, otherwise.

Then for every 8 € (0,1) and for any € > 0,

let Kn(8,¢) = {(n1,n9,....nx) €ENF: N, (e) <1-p}.

Since
KN(ﬂ,S) = {(n17n27"'7nk) € Nk : % < 1- B}
u E—
={(n1,n2,..,n) EN* |2 ng ne | > % > 0}
= {(’17,1,’)7,2, ...,’ﬂk) € Nk cTning..n, — ]-}
={(n1,n2,...,n) € N¥ :ny, ny, ..., ny are squares},
we get

ni n2 Nk
1 .. . VN1y/N2...4/Nk
T 2 2o e 20 XK (f1y2, i) S YRRV
i1=1ix=1 4,=1

which implies that

ny no ng
. 1 . N o .
. lim T—— > > oo > Xk (i1,92,...,9%) = 0. But the sequence = (Tn,ny..n,) 18
1,712,k i1=14=1 ip=1

not convergent in (R, |.|) with respect to the probabilistic norm N.
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Following the technique applied by Salat [15] for establishing the decomposition result for
statistical convergence for single sequences, we formulate the following result.

Theorem 4. In a PN-space (X, N, *) and for a multiple sequence z = (Zn,n,...n. ),

sty—lim Zp n,.. .n, = L if and only if there exists an index subset K = { (mm s Mgy ooy Mo,

N} of N* such that §x(K) =1 and N — tim =L

(nl,nz,...,nk)EK xn1n2~~nk

Proof. Suppose that sty —limx,,ny..n, = L.
Now for every € > 0 and r € N, let

K(r,e) = { (n1,n9,...,nx) € N¥ T () %} (2.2)
M(r,e) = { (n1,n9,...,ny) € NF Nmnlnz___nk_L(e) >1-— %}
Then (5k< K(r, 5)}) =0 and
M(l,e) D M(2,e) D M(3,e) D.... D M(i,e) D M(i+ 1,e) D ... (2.3)
6k({M(r, 5)}) —1 for r=1,2,3.. (2.4)

Now we have to show that for (nq, na,...,ng) € M(r,€), the sequence = (Tp,ny..n,,) is N—
convergent to L.

Suppose that & = (Zp,ny...n,, ) 1s not N-convergent to L. Therefore there exists § > 0 such
that the set
(n1,n2, ..., ng) € NF Nty —1(8) <1 — B} has infinitely many terms.

Let M(B,¢e) = { (n1,ng,...,nx) € NF: Nty —1(8) > 1 — B}, B>1 (r=1,2,3..).

Then 5k<{M(5,5)}) = 0 and by (2.3) we have M(r,e) C M (B, ¢).

Hence 05 ({M (r,e)}) = 0 which contradicts (2.4).
Therefore = (Xn,ny..n, ) is N-convergent to L.

Conversely let us suppose that there is a subset
K= { (n1,ng,...ng):n; =1,2,3,4,...,;i € N} C N* such that 6,(K) =1 and

N — (nl,nzlimnk)eK Tnyng..ny = L. Then there exists kg € N, such that for every 8 € (0,1)

MY MY,y M —> OO

and € > 0,
N,

Tning...ng

_r(e)>1—=pforn; > ko ,i=1,2,3,..k.

Now,
{ (n1,ng,...,n) € NF: Nznmz___nk_L({—:) <1- ,8}

k
C N — { (nl(ko+1)an2(k0+1)~wnk(k0+1)) > (nl(ko+2)an2(ko+2)v ---vnk(k0+2)) »
Therefore

5k({ (n1,ngyeemy) ENFIN, o p(e) <1 5}) <1-1=0.

Hence sty —limap,ny..n, = L

DMy, €
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O

Theorem 5. In a PN-space (X, N, x) and for a multiple sequence = (Zp,n,....n, ) Whose
terms are in the vector space X, the following conditions are equivalent.
(a) X is statistically Cauchy sequence with respect to the probabilistic norm N.

(b) There exists an index subset K = { (Mg s Moy evy Moy, ) } of N¥ such that 6 (K) = 1 and
the subsequence { (mqumnz“'mnk) } is a Cauchy sequence with respect

(mnl ;Mg ,...,mnk)EK

to the probabilistic norm N.

Proof. The proof is similar to proof of Theorem 4 and thus omitted. O

Theorem 6. Let (X, N, x) be a PN-space.Then
(4) If sty —limap,n,...n, =& and sty — limyp,pn,...n, =7, then

sty — Hm(xnln2~u~nk + yn1n2~~nk) = 5 +n.
(#) If sty — lim @y, ny...ny, = & and « € R, then

(791) If sty —lim@p,n,...n, =& and sty —limyp,n,...n, = 7, then
sty — hl’n(wnlngn;v - yn1n2....nk) = 5 -n.

Proof. (i) Let sty —lim @y, n,. .0, = & and sty — limYn,ny..ny = 0-
For a given € > 0 and A € (0,1) we take 8 € (0,1) such that (1 —8)* (1 —8) >1—A. We
define the following sets.

KN,l(Bvs) = { (n17n27"'7nk) S Nk : N”I:nln2___nk—§(5) S 1- /8}5
KNQ(ﬂvg) = { (nl,n%""nk) e NF: Nmnan...nk_n(E) <1- ﬂ}

Since sty — M Xy n,..ny, = &, (5k( {Kna1(8, 5)}) =0, for all € > 0.
Also as sty —lim Xy n,. n,, = 1) We get (5k( {KN’g(B,s)}) =0, for all € > 0.

Now let Kn(8,¢) = Kn1(8,¢) N Kn2(8,¢).
Then 6, ({Kn(8,€)}) = 0, which gives 6, ({N*/Kn(8,e)} ) = 1.

I (R, Mgy ooy ) € {Nk/KN(ﬁ,s)}, then
Z N’I:nlnz...nk —£ (%) * Nrnlng...nk -n (%)

>(1-B)x(1—B)>1-A\

Naring o~ )+ (v g —) E)

Thus,
5k({ (n1,n9,...,ny) € NF N(znlng.“nk*§)+(yn1nzmnk*”)(6) <1- A}) =0.

SO7 sty — lim (mnlng...nk + ynlnz.--nk) = § + 7.

(79) Let sty —lim@p,ny..n, =1, B € (0,1) and € > 0. Let us take o = 0.
Then,

NOannz.,.nk*OE(E) = No(E) =1>1- 6

So, N —lim 0z, n,..n, = 0.
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Then from Theorem 3 we have, sty —lim 0%y, n,..n, = 0.
Now let @ € R(a # 0). As sty — lim @y, pn,..n, =1, we define the following set

Kn(B,e) = { (n1,n2,...,ng) € N Ny —€(6) S 1= B} then
0r {Kn(B,e)}) =0 for all € > 0.
We have, 6k({Nk/KN(B,5)}) =1

I (n1, M2y ooy ) € ({Nk/KN(ﬁ,s)}), then

J— £
Nooyng.ony—a€(8) = No iy —€\ o7

> oy oy e(6) N7 — )
- NIn1n2,.,.nk _5(6) * 1

=N,

Tnqng...np—

¢(e) >1—p, for a € R(aw # 0).

Then, 5k({ (n1,m2,....,ns) € NF: Nopny.ny —ac(€) <1 — B}) =0.

Thus sty —lim axp,n,..n, = €.

(#i%) Follows from (i) and (i) by putting o = —1.

Theorem 7. In a PN-space (X, N, %), for any multiple sequence
T = (Tnyns..m) € X, An(z) CTn(x).

Proof. Let £ € An(x), then there is a non-thin subsequence (acm(jl)m(h)’m’nkuk)) of
T = (Tpyns...n, ) that converges to & with respect to N, i.e.,

6k({(n1(j1)an2(j2)a "'ank(jk)) € Nk : N$"1(i1)"2(i2)-»-»"k(jk)_5(6) >1- ﬂ}) =d>0.
Since
{ (n1,m2,...,ng) € NF Nrnm..,nkfﬁ(g) >1-— ﬂ}

- {(nl(jl)’nz(h)’"”n’“(j’“)) €NF: Na, Grymata) e —€(E) > 1= 5}
for every € > 0, we get

{(nl,ng, yny) € NF . anlw»-.-nk*i(g) >1-— ﬁ}

2 {(m (1) maG2)s o (i) € N i, o,y € N}

~{ (G m2(G2), k() € N5 No iy a-6(6) 1= 8}
As (xnl(jl)nz(j2)~nnk(jk)> converges to £ with respect to N, the set

{(nl(jl),ng(jg), (i) ENF NG, e(e) S 1 5} is finite, for any & > 0,
t_herefore
5k<{(n1,n2, ..ny) € NF: Nty —€(6) > 1= 5})

> 85 ({ (1), maG2), i (in)) € N 2 1,y i € N )
—5k({(n1(j1),n2(j2), (k) € Nk sz(jl>n2<12>---nmk>*5(5) s1- 6}>
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Hence 5k<{(n1,n2, k) € NF Noingoom—€(6) > 1= ﬁ}) > (0. This proves that

Eeln(x).
Thus Ax(z) C Ty (x). O

Theorem 8. In a PN-space (X, N, x), for any multiple sequence
Tr = (xnlng....nk) € X, FN(Q:) - QN('I)

Proof. Let v € I'y(x), then for every e > 0 and 3 € (0,1),
5k({(n1,n2,...,nk)€Nk:N (s)>1fﬂ}) > 0.

Tnyng...ng =Y

We set {x} be a non-thin subsequence of = such that
K

K= {(nl(jl),ng(jg), () ENF NG
e >0 and 0, (K) # 0.

Since K has infinitely many elements, so v € Qn(z).

Thus I'ya(z) C Qna(z).

() >1-— ﬂ} for every

Theorem 9. In a PN-space (X, N, %), for any multiple sequence
T = (Tpyng...n,) € X, sty —lima = L, implies Ay(x) ='n(z) = {L}.

Proof. First we prove that Ay (z) = {L}.
Let Ay (x) = {L, M} such that L # M. Then there are non-thin sub sequences

(;vm(jl)m(ﬁ)_“nk(jk)) and (mml(jl)mQ(h)mmk(%)) of £ = (Tn,n,..n, ) that converges to L and
M respectively with respect to N.

As (xml(jl)m2(j2)~umk(jk)) converges to M with respect to IV, so for every € > 0 and
B € (0,1), the set
K = {(m1(G1),ma(j2), s ma(in) € NE 2 N

Tmy(§1)ma(2)--
set. Thus §;(K) = 0.
Then

{ (ma(G)ma(2), oy mr(in)) € N i,y i € N}
_ {(ml(ﬁ),mg(jg), o () ENF NG ear(e) > 1 /3}

U{(ml(jl)’ m2(j2>’ ot mk(jk)) € Nk : Na:ml(.71)m2(.7'2)----mk(.7‘k)7M(8) < 1= ﬁ}
which shows that

M (€) S 1= 5} is a finite

5 ({(ml(jl),mg(jg), () ENF NG mar(e) > 1 - B}) £0. (2.5)

Since sty —limz = L,

(5k<{ (n1,m2, ..., ny) € N¥: Nty —£(6) <1 — B}) =0 for every e > 0. (2.6)

Therefore 5k({ (n1,n2, ..c.yng) € NF Niringoom—1(€) > 1= B}) # 0.
For every L # M,
{(ml(j1),m2(j2), oo (ji)) € NF 2 Nwml(jl)m2(j2)----mk(jk)_M(E) >1- 6}

ﬂ{ (n1,n2,....,nx) € N* Naringomp—r£(8) > 1 — 6} = 0.
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Hence
(G )s o) o 1) € N5 Na syt (€) > 1= B

c { (i nz, i) €NF L NG, L n(e) <18

Therefore

5 ({ (maGin)s ma(G2)s s ma () € N8 Ny - (€) > 1= 8))
< gk({ (nl,ng, ....,nk) € I\ NlI/’nanm.nk*L(g) <1- 5}) =0.

This contradicts (2.5) Hence Ay (z) = {L}.

Next we show that T'y(x) = {L}.
If possible let 'y (z) = {L, Q} such that L # Q. Then

5 ({ (n,mz, ) €N NG, L ale) > 1- B} £ 0. (2.7)
Since {(nl,ng, cesng) ENFING o p(e) > 1 - 5}
{1, mi) €NF NG, L qle) > 1= 8} =0,
{ngm) €NV NG, 0(6) <18}
2 { (n1,m2,....,ng) € NF: Noringomp—@(€) > 1 — B}

for every L # @, so

Therefore
5Ic({ (n1,n2,....,nk) € N . NI”LI"L2~-~-nk*L(€) <1- ﬂ})

> Sk({ (M1, gy eeemy) ENFENG o o(e) > 1— 5}) (2.8)

From (2.7), the right hand side of (2.8) is greater than zero. Also from (2.6) the left hand
side of (2.8) equals zero which is a contradiction. Hence I'y(z) = {L}.
]

Theorem 10. In a PN-space (X, N, x), the set 'y is closed in X for each multiple sequence
& = (Tnyny....n, ) Oof elements of X.

Proof. Let y € T'ny(x). Let 0 <7 < 1 and ¢ > 0. There exists
v € I'n(z) N B(y,r,t) such that

B(y,r,t) = {a: €EX:Ny_,(t)>1 —r}.

Choose 1 > 0 such that B(y,n,t) C B(y,r,t), then we have
{(nl,ng,...,nk) eNF: N (t) > l—r}

Y=Tnyng...ng

D) {(nlan% '-ank) e Nk N’y—mnan....nk (t) >1- 77}

Since v € 'y () so,
5k<{(n1,n2, .,ng) € NF: N’Y*mnlnz-.-.nk (t)>1-— 77}) > 0.

ﬂence
6k({(n17n27 7nk) € Nk : Ny—ﬂinlnzmnk (t> > 1 - T}) = 0
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